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Black phosphorus (BP), a two-dimensional (2D) van der Waals layered material composed of
phosphorus atoms, has been one of the most actively studied 2D materials in recent years due to
its tunable energy band gap (tunable even to a negative value) and its highly anisotropic electronic
structure. Depending on the sign of the band gap tuning parameter, few-layer BP can be in a gapped
insulator phase, gapless Dirac semimetal phase, or gapless semi-Dirac transition point between the
two phases. Using the fully anisotropic multiband Boltzmann transport theory, we systematically
study the dc conductivity of few-layer BP as a function of the carrier density and temperature by
varying the band gap tuning parameter, and determine the characteristic density and temperature
dependence corresponding to each phase.
I. INTRODUCTION
Since the discovery of graphene [1, 2], which is a carbon
allotrope of two-dimensional (2D) honeycomb lattice, 2D
materials have been one of the most active research areas
in condensed matter physics. Black phosphorus (BP) is
a 2D material with van der Waals layered structure com-
posed of phosphorus atoms, and it has recently attracted
considerable attention [3, 4]. As a layered semiconductor
in its natural form, BP has a tunable band gap, and ma-
nipulation of its band gap through various methods has
been validated by multiple theoretical and experimental
reports [5]. Notable examples of the band gap tuning
include thickness change [6, 7], strain control [8], pres-
sure [9], electronic gating [10–12], and chemical doping
[13]. Some of the band gap manipulation methods [9, 13]
demonstrated that the band gap can be tuned to zero,
showing the semi-Dirac state with a combination of lin-
ear and quadratic dispersions [14], which is also predicted
in TiO2/VO2 heterostructures [15, 16]. Furthermore, the
band gap can be inverted, leading to the Dirac semimetal
phase [17–19].
Due to its anisotropic electronic band structure, BP
shows many peculiar transport properties such as large
in-plane anisotropic transport [20, 21]. The effects of
temperature [10, 22, 23], the number of layers [10], and
substrate [22] on the anisotropic transport properties of
BP have been studied experimentally. Furthermore, the
transport properties of BP have been studied theoret-
ically [24–29], demonstrating its anisotropic nature in
energy- and temperature-dependent transport. However,
there has been no systematic study on the anisotropic
transport of BP in each phase, fully considering the
anisotropy of the system and the interband scattering.
In this study, we theoretically investigate the transport
properties of BP in the gapped insulator phase, gapless
semi-Dirac transition point, and Dirac semimetal phase.
Using the semiclassical Boltzmann transport theory gen-
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eralized to anisotropic multiband systems, we calculate
the dc conductivity as a function of the carrier density
and temperature for each phase. We determine that each
phase shows the characteristic density and temperature
dependence, which can be used as a transport signature
of BP in different phases.
The rest of this paper is organized as follows. In
Sec. II, we describe our model Hamiltonian and develop
the Boltzmann transport theory in anisotropic multiband
systems. In Sec. III, we present the dc conductivity of BP
in each phase as a function of density at zero tempera-
ture. In Sec. IV, we provide the temperature dependence
of dc conductivity at a fixed density. We conclude our
paper in Sec. V with discussions on the dominant scat-
tering source, the effect of potential fluctuations at low
densities, and the effect of the parabolic term omitted in
the current model.
II. METHODS
A. Model
By expanding the tight-binding lattice model of few-
layer BP [4, 30, 31], the corresponding low-energy effec-
tive Hamiltonian can be obtained as [32–36]
H =
(
~2k2x
2m∗
+
εg
2
)
σx + ~v0kyσy, (1)
where m∗ is the effective mass along the zigzag (x) di-
rection, v0 is the band velocity along the armchair (y)
direction, εg is the size of the band gap (which will be
used as a tuning parameter), and σx and σy are the Pauli
matrices. The eigenenergies of the Hamiltonian are given
by ε± = ±
√(
~2k2x
2m∗ +
εg
2
)2
+ ~2v20k2y; thus, the Hamilto-
nian H has a direct band gap for εg > 0, a semi-Dirac
band touching point at (kx, ky) = (0, 0) for εg = 0, or two
Dirac points at (kx, ky) = (±
√
m∗|εg|
~2 , 0) for εg < 0. The
characteristic energy scales along the zigzag and arm-
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2chair directions are given by ε0 =
~2k20
2m∗ and ~v0k0, re-
spectively, where k0 = a
−1 and a is the lattice constant.
We introduce the dimensionless parameters ∆ =
εg
2ε0
and
c = ~v0k0ε0 , which represent a gap tuning parameter and
the ratio of the characteristic energy scales along the
zigzag and armchair directions, respectively. Through-
out the paper, we use c = 1 and the spin degeneracy
g = 2 for the calculation. We will discuss the effect of
higher-order terms omitted in Eq. (1) in Sec. V.
FIG. 1. (a)-(c) Energy dispersions and (d)-(f) the corre-
sponding Fermi surfaces of few-layer BP for the (a), (c) insu-
lator phase, (b), (e) semi-Dirac transition point, and (c), (f)
Dirac semimetal phase.
Figure 1 shows the energy dispersion and the corre-
sponding Fermi surface of few-layer BP in each phase.
Initially, few-layer BP without band gap tuning is in the
gapped insulator phase, as shown in Fig. 1(a). As the
band gap εg decreases (for example, upon applying a
perpendicular electric field), eventually it vanishes and
the system is described by the semi-Dirac Hamiltonian
in Eq. (1) with εg = 0, as shown in Fig. 1(b). If the
band gap decreases even further and becomes negative
(εg < 0), band inversion occurs, which has been achieved
experimentally using surface doping [17, 18] and external
pressure [19]
In the gapped insulator phase, the inherent anisotropy
of the system is less evident and the system at low
densities resembles typical semiconductors with a dif-
ferent effective mass in each direction. At the semi-
Dirac transition point, the energy dispersion becomes
linear (quadratic) along the armchair (zigzag) direction,
as shown in Fig. 1(e). At the Dirac semimetal phase,
the anisotropy in the energy dispersion becomes more
pronounced and the Fermi surface vastly changes its
shape depending on the value of the Fermi energy εF.
For εF < εg/2, the Fermi surface becomes two distinct
lines, as shown in Fig. 1(f), whereas for εF > εg/2, the
two Fermi surfaces become joined completely, forming a
closed line. At εF = εg/2, a van Hove singularity occurs
in the density of states (DOS), as explained below.
Figure 2 shows the DOS and the carrier density as
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FIG. 2. (a)-(c) Calculated DOS and (d)-(e) the carrier den-
sity as a function of Fermi energy for the (a), (c) insulator
phase, (b), (e) semi-Dirac transition point, and (c), (f) Dirac
semimetal phase. Here, ∆ ≡ εg
2ε0
is the band gap tuning pa-
rameter, and g = 2 and c = 1 are used for calculation.
a function of Fermi energy for each phase. At the
semi-Dirac transition point, the DOS is simply given by
D(ε) ∼ ε1/2 [Fig. 2(a)], and the carrier density (which
is an energy integral of the DOS up to εF) is given by
n ∼ ε3/2F [Fig. 2(d)]. (See Appendix A for the detailed
derivations of the DOS and the carrier density.) In the
gapped insulator phase, both DOS at εF and carrier den-
sity vanish for εF < εg/2, whereas for εF > εg/2, they
follow those of the semi-Dirac transition point as εF in-
creases [Figs. 2(b) and 2(e)]. In the Dirac semimetal
phase, when εF is very small, the system resembles
a typical 2D Dirac semimetal such as graphene; thus,
D(ε) ∼ ε1. As εF increases and approaches εg/2 near the
top of the inverted band, the band dispersion effectively
becomes hyperbolic paraboloid with a different sign in
each direction in momentum space. Subsequently, a van
Hove singularity occurs in the DOS, diverging logarith-
mically with D(ε) ∼ − log(|∆|−ε)−1 [37]. If εF increases
further, the DOS and the carrier density follow those of
the semi-Dirac transition point with a discontinuous en-
ergy derivative in the DOS at the van Hove singularity
[Figs. 2(c) and 2(f)].
Notably, as the energy dispersion and the Fermi surface
are anisotropic, and the Fermi energy can cross multiple
bands, we cannot naively use the conventional Boltzmann
transport theory assuming an isotropic single-band sys-
tem. Thus, the anisotropic multiband Boltzmann trans-
port theory is necessary to calculate the dc conductivity
of such systems, as explained in Sec. II B.
3B. Boltzmann transport theory in anisotropic
multiband systems
We use semiclassical Boltzmann transport theory to
calculate the density and temperature dependence of the
dc conductivity of few-layer BP in each phase in the pres-
ence of impurities, assuming elastic scattering (see Sec. V
for the limitation of the current approach). In the Boltz-
mann transport theory, electron states are described by
the non-equilibrium distribution function f = f(r,k; t).
Its time rate of change is balanced out by the collision
term, which represents the total scattering probability
per unit time, i.e., dfdt =
(
df
dt
)
coll
.
We assume a spatially homogeneous system without
explicit time dependence in the distribution function, i.e.,
f = fk. Thus, the time derivative of the distribution
function is given by dfdt = k˙ · ∂fk∂k , whereas the collision
term is given by(
df
dt
)
coll
= −
∫
ddk′
(2pi)d
Wkk′(fk − fk′), (2)
where Wkk′ =
2pi
~ nimp|Vkk′ |2δ(εk − εk′) is the transition
rate from k to k′ for an elastic scattering with the impu-
rity potential Vkk′ and the impurity density nimp. In the
presence of a uniform electric field E, ~k˙ = (−e)E, and
to the leading order in E,
dfk
dt
≈ (−e)E · ∂f
(0)
k
~∂k
= (−e)E · vk ∂f
(0)
k
∂εk
, (3)
where vk =
1
~
∂εk
∂k and f
(0)
k = f
(0)(εk) =
[
eβ(εk−µ) + 1
]−1
is the Fermi–Dirac distribution function at equilibrium
with β = 1kBT and the chemical potential µ. Assume
that, to the leading order in E, the non-equilibrium dis-
tribution function fk is given by fk ≡ f (0)(ε) + δfk at
energy ε = εk. Thus, from
df
dt =
(
df
dt
)
coll
, we obtain
(−e)E · vkS(0)(ε) =
∫
ddk′
(2pi)d
Wkk′(δfk − δfk′), (4)
where S(0)(ε) = −∂f(0)(ε)∂ε . If the Fermi energy crosses
multiple energy bands, Eq. (4) is generalized to [38, 39]
(−e)E · vkαS(0)(ε) =
∑
α′
∫
ddk′
(2pi)d
Wαα
′
kk′
(
δfαk − δfα
′
k′
)
,
(5)
where α and α′ are band indices.
We parameterize δfαk in the following form [40–42]:
δfαk = (−e)
(
d∑
i=1
E(i)v
(i)
kατ
(i)
kα
)
S(0)(ε), (6)
where E(i), v
(i)
kα, and τ
(i)
kα are the electric field, velocity,
and relaxation time, respectively, along the ith direction
for each band. After matching each coefficient in E(i), we
obtain the following integral equation for the relaxation
time:
1 =
∑
α′
∫
ddk′
(2pi)d
Wαα
′
kk′
(
τ
(i)
kα −
v
(i)
k′α′
v
(i)
kα
τ
(i)
k′α′
)
. (7)
This is a coupled integral equation relating the relax-
ation times at different angles in different bands, which
correctly considers the anisotropy and multiple bands of
the system. Note that, for an isotropic single-band sys-
tem [τ
(i)
kα = τ(ε) for a given energy ε = εkα], Eq. (7) is
reduced to the well-known expression for the relaxation
time given by [43]
1
τk
=
∫
ddk′
(2pi)d
Wkk′(1− cos θkk′). (8)
The current density J induced by an electric field E is
thus given by
J (i) = g
∑
α
∫
ddk
(2pi)d
(−e)v(i)kαδfkα ≡
∑
j
σijE
(j), (9)
where σij is the conductivity tensor given by
σij = ge
2
∑
α
∫
ddk
(2pi)d
S(0)(ε)v
(i)
kαv
(j)
kατ
(j)
kα . (10)
We find that the Hall conductivity (i 6= j) vanishes, thus
we consider only the diagonal part of the dc conductivity
(i = j).
III. DENSITY DEPENDENCE OF DC
CONDUCTIVITY
Using the anisotropic multiband Boltzmann transport
theory developed in Sec. II B, we calculate the dc conduc-
tivity of few-layer BP as a function of the carrier density
or Fermi energy at zero temperature for each phase: the
semi-Dirac transition point (∆ = 0), gapped insulator
phase (∆ > 0), and Dirac semimetal phase (∆ < 0), all
of which can be expressed by Eq. (1).
As for the impurity potential, we consider two types
of impurity scattering: short-range impurities and
long-range Coulomb impurities (or charged impurities).
Short-range impurities originate from lattice defects, va-
cancies, dislocations, etc., and their potential form is
given by a constant in momentum space, Vkk′ = Vshort,
as they are approximately represented by the delta func-
tion in real space. For charged impurities distributed
randomly in the background, the impurity potential is
given by Vkk′ =
2pie2
(q)|q| in 2D, where (q) is the dielec-
tric function for q = k − k′. Within the Thomas–Fermi
approximation, (q) can be approximated as (q) ≈
κ (1 + qTF/|q|), where κ is the background dielectric con-
stant, qTF =
2pie2
κ D(εF) is the Thomas–Fermi wave vec-
tor, and D(εF) is the total DOS at the Fermi energy εF
4(including all the contributions from the bands crossing
εF and the spin degeneracy). The interaction strength for
charged impurities can be characterized by an effective
fine structure constant α0 =
e2
κ~v0 . Note that qTF ∝ gα0.
Thus, the screening strength for Coulomb impurities is
also characterized by α0.
A. Semi-Dirac transition point
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FIG. 3. Calculated dc conductivities (a)-(c) σxx and (d)-(f)
σyy as a function of Fermi energy at the semi-Dirac transi-
tion point (∆ = 0) for (a), (d) short-range impurities, (b),
(d) charged impurities with α0 = 1000, and (c), (f) charged
impurities with α0 = 1. Here, σ0 =
ge2k20c
2
2pi~nimp .
First, let us consider the semi-Dirac transition point
(∆ = 0). Figure 3 shows the Fermi energy depen-
dence of dc conductivity at the semi-Dirac transition
point. The characteristic density or Fermi energy depen-
dence of the dc conductivity can be understood as fol-
lows. From Eq. (10) with τ
(i)
F ∼ D−1(εF)/V 2F , we expect
σii ∼ D(εF)[v(i)F ]2τ (i)F ∼ [v(i)F ]2/V 2F , where τ (i)F and v(i)F
are the relaxation time and velocity, respectively, at the
Fermi energy along the ith direction, and V 2F is the angle-
averaged squared impurity potential at the Fermi energy.
At the semi-Dirac transition point, D(εF) ∼ ε1/2F , and the
Fermi velocity in each direction is given by v
(x)
F ∼ ε1/2F
and v
(y)
F ∼ ε0F, from which we can deduce the power-law
behavior of the dc conductivity. (See Appendix A for the
detailed derivations of the power-law dependences.)
For short-range impurities, VF is a constant indepen-
dent of density; in this case, we obtain
σxx ∼ εF ∼ n
2
3 , (11a)
σyy ∼ ε0F ∼ n0. (11b)
For charged impurities, in the strong screening limit
(gα0  1), VF ∼ q−1TF ∼ D−1(εF) ∼ ε
− 12
F ; thus, we obtain
σxx ∼ ε2F ∼ n
4
3 , (12a)
σyy ∼ εF ∼ n
2
3 . (12b)
At general screening strength, the power-law behavior
is determined by the competition between the screening
wave vector and the momentum transfer. We present the
numerically calculated power-law behavior for the semi-
Dirac transition point and for the other phases in Fig. 6.
B. Insulator phase
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FIG. 4. Calculated dc conductivities (a)-(c) σxx and (d)-(f)
σyy as a function of Fermi energy in the insulator phase with
∆ = 1 for (a), (d) short-range impurities, (b), (d) charged
impurities with α0 = 1000, and (c), (f) charged impurities
with α0 = 1.
Figure 4 shows the Fermi energy dependence of the
dc conductivity in the insulator phase (∆ > 0). In the
insulator phase, the power-law dependence of the dc con-
ductivity at low densities becomes similar to that of 2D
electron gas (2DEG) with a different effective mass in
each direction. (See Appendix C 1 for detailed deriva-
tions.)
For short-range impurities, the power-law dependence
of the dc conductivity at low densities is given by
σxx ∼ εF, (13a)
σyy ∼ εF. (13b)
For charged impurities, in the strong screening limit, at
low densities, we obtain
σxx ∼ εF, (14a)
σyy ∼ εF. (14b)
5Note that, as the Fermi energy or the carrier density
increases, the power-law dependence becomes similar to
that of the semi-Dirac transition point.
C. Dirac semimetal phase
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FIG. 5. Calculated dc conductivities (a)-(c) σxx and (d)-
(f) σyy as a function of Fermi energy in the Dirac semimetal
phase with ∆ = −1 for (a), (d) short-range impurities, (b),
(d) charged impurities with α0 = 1000, and (c), (f) charged
impurities with α0 = 1.
Figure 5 shows the Fermi energy dependence of the dc
conductivity in the Dirac semimetal phase (∆ < 0). In
the Dirac semimetal phase, the power-law dependence of
the dc conductivity at low densities becomes similar to
that of graphene but with a different Fermi velocity in
each direction. (See Appendix C 2 for detailed deriva-
tions.)
For short-range impurities, the power-law dependence
of the dc conductivity at low densities is given by
σxx ∼ ε0F, (15a)
σyy ∼ ε0F. (15b)
For charged impurities, in the strong screening limit, at
low densities, we obtain
σxx ∼ ε2F, (16a)
σyy ∼ ε2F. (16b)
Near the van Hove singularity, εF ≈ ±εg/2, the DOS
diverges logarithmically [37] and it dominates the overall
power-law behavior of conductivity [39]. Therefore, for
short-range impurities, the conductivity becomes
σxx ∼ [− log (|∆| − εF)]−1 , (17a)
σyy ∼ [− log (|∆| − εF)]−1 . (17b)
For charged impurities, due to the dominant contribution
from the diverging Thomas–Fermi wave vector qTF ∝
D(εF), the conductivity is largely given by the square of
the DOS as follows:
σxx ∼ [log (|∆| − εF)]2 , (18a)
σyy ∼ [log (|∆| − εF)]2 . (18b)
As the Fermi energy or the carrier density increases
further, the power-law dependence of the dc conductiv-
ity becomes similar to that of the semi-Dirac transition
point, as in the insulator phase.
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FIG. 6. (a)-(c) d log σxx/d log εF and (d)-(f)
d log σyy/d log εF as a function of α0 for charged impurities
in each phase. The red dashed lines represent the Fermi en-
ergy exponents obtained in the strong screening limit. Here,
εF = ε0 for the semi-Dirac transition point, εF = 1.01ε0 for
the gapped insulator phase, and εF = 0.01ε0 for the Dirac
phase are used for the calculation.
Figure 6 shows the evolution of the Fermi-energy power
law of the dc conductivity as a function of the screen-
ing strength α0 for each phase in the low carrier density
limit. For the insulator phase and the semi-Dirac transi-
tion point, the Fermi-energy exponent decreases, whereas
for the Dirac semimetal phase, it shows a non-monotonic
behavior with a dip structure, which originates from the
interband-like scattering between two distinct Fermi sur-
faces shown in Fig. 1(f). As the screening strength in-
creases, all the Fermi-energy exponents approach the cor-
responding power law estimated in the strong screening
limit.
IV. TEMPERATURE DEPENDENCE OF DC
CONDUCTIVITY
We can apply the anisotropic multiband Boltzmann
transport theory developed in Sec. II B to the dc conduc-
tivity at finite temperature. In Eq. (10), the finite tem-
6perature affects the conductivity through the Fermi dis-
tribution and the temperature-dependent screening for
the charged impurity potential. At finite temperatures,
the chemical potential of the system also deviates from
the Fermi energy εF due to the broadening of the Fermi
distribution function. From the invariance of carrier den-
sity n with respect to temperature T , we obtain the
temperature dependence of the chemical potential µ(T ).
For charged impurities, the finite temperature Thomas–
Fermi screening wave vector is given by qTF(T ) =
2pie2
κ
∂n
∂µ
for 2D systems. (See Appendix D for the detailed deriva-
tion of the temperature dependence of the chemical po-
tential and Thomas–Fermi wave vector). In this section,
we calculate the dc conductivity of few-layer BP as a
function of the temperature for each phase. The detailed
derivation of the temperature-dependent conductivity is
presented in Appendices E and F.
A. Semi-Dirac transition point
From the power-law dependence of the DOS, D(ε) ∼
ε1/2 at the semi-Dirac transition point [Fig. 2(a)], we
can obtain the asymptotic behaviors of µ(T ) and qTF(T )
in a relatively straightforward manner. In the low- and
high-temperature limits, the chemical potential at the
semi-Dirac transition point is given by
µ
εF
=

1− pi212
(
T
TF
)2
(T  TF),
1
2η( 12 )Γ(
5
2 )
(
T
TF
) 1
2
(T  TF),
(19)
whereas the Thomas–Fermi wave vector is given by
qTF(T )
qTF(0)
=

1− pi212
(
T
TF
)2
(T  TF),
2η
(
1
2
)
Γ
(
3
2
) (
T
TF
) 1
2
(T  TF),
(20)
where Γ is the Gamma function and η is the Dirichlet
eta function [44]. In a single-band system, qTF(T ) typ-
ically decreases with the temperature at high tempera-
tures, whereas at the semi-Dirac transition point, qTF(T )
increases with the temperature due to the thermal exci-
tation of carriers participating in the screening.
Figure 7 shows the temperature dependence of the dc
conductivity at the semi-Dirac transition point, normal-
ized by the zero-temperature conductivity value in each
direction. For short-range impurities, we determine that
the asymptotic behavior is given by
σxx(T )
σxx(0)
=
1− pi
2
12
(
T
TF
)2
(T  TF),
log 2
(
T
TF
)
(T  TF),
(21a)
σyy(T )
σyy(0)
=
1− e
−TF/T (T  TF),
1
2 +
1
8η( 12 )Γ(
5
2 )
(
T
TF
)− 32
(T  TF).
(21b)
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FIG. 7. Calculated dc conductivities (a)-(c) σxx and (d)-(f)
σyy as a function of the temperature at the semi-Dirac transi-
tion point (∆ = 0) for (a), (d) short-range impurities, (b), (d)
charged impurities with α0 = 1000, and (c), (f) charged impu-
rities with α0 = 1. Here, if the temperature is normalized by
TF = εF/kB, the result is independent of εF at the semi-Dirac
transition point. The blue dashed-dotted lines and red dashed
lines represent fitting by the corresponding asymptotic form
[Eqs. (21) and (22)] in the low- and high-temperature limits,
respectively.
For charged impurities, the asymptotic behavior is given
by
σxx(T )
σxx(0)
=
1 + Cxx
(
T
TF
)2
(T  TF),
Dxx
(
T
TF
)2
(T  TF),
(22a)
σyy(T )
σyy(0)
=
1 + Cyy
(
T
TF
)2
(T  TF),
Dyy
(
T
TF
)
(T  TF),
(22b)
where Cii (Dii) indicates the low- (high-) temperature co-
efficients. In the strong screening limit, the coefficients
become Cxx = 0, Dxx =
pi2
6 , Cyy = −pi
2
4 , and Dyy =
log 2. As the screening strength decreases, the high-
temperature coefficients Dii remain positive, whereas the
low-temperature coefficients Cii decrease and we expect
that the initially negative or vanishing Cii would even-
tually become positive in the weak screening limit. (See
Appendix E for the detailed derivations of the coefficients
Cii and Dii.)
The temperature dependence in the high-temperature
limit can be easily understood by replacing εF with
T in the Fermi energy dependence of dc conductivity
[Eqs. (11) and (12)]. At high temperatures, σyy(T ) for
short-range impurities decreases with the temperature,
showing a metallic behavior. Otherwise, the conductiv-
ities increase with the temperature, showing an insulat-
ing behavior. Note that the high-temperature asymp-
7totic form for charged impurities is obtained by consid-
ering the effect of the energy averaging and that of the
temperature-dependent screening separately. It correctly
predicts the temperature power-law dependence but not
the coefficients in the asymptotic form, showing a dis-
crepancy with the numerical result, as the effect of tem-
perature cannot be simply separated into the energy av-
eraging and the temperature-dependent screening at high
temperatures.
B. Insulator phase
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FIG. 8. Calculated dc conductivities (a)-(c) σxx and (d)-(f)
σyy in the low-density limit as a function of the temperature
in the insulator phase with ∆ = 1 for (a), (d) short-range
impurities, (b), (d) charged impurities with α0 = 1000, and
(c), (f) charged impurities with α0 = 1. Here, εF = 1.1ε0 is
used for the calculation. The blue dashed-dotted lines repre-
sent the result for the gapped 2DEG system (see Appendix
F), and the red dashed lines represent power-law fitting by
the asymptotic form of the semi-Dirac transition point [Eqs.
(21) and (22)] in the high-temperature limit.
Figure 8 shows the temperature dependence of the dc
conductivity in the insulator phase with the fixed Fermi
energy of εF = 1.1ε0, which corresponds to the low-
density limit. At zero temperature, the insulator phase
in the low-density limit can be effectively considered as a
gapped 2DEG (with anisotropic effective masses). Simi-
larly, at finite temperatures, the temperature-dependent
conductivity of the insulator phase in the low-density
limit resembles that of the gapped 2DEG system (blue
dash-dotted lines in Fig. 8), especially in the low-
temperature limit. In the high-temperature limit, the
power-law behavior of the temperature-dependent con-
ductivity for the insulator phase becomes similar to that
of the semi-Dirac transition point [Eqs. (21) and (22)],
because thermally excited carriers above the gap con-
tribute to the conductivity. (See Appendix F for the tem-
perature dependence of the chemical potential, Thomas–
Fermi screening wave vector, and conductivity of the
gapped 2DEG system.)
In the high-density limit, the temperature dependence
of dc conductivity in the insulator phase resembles that
of the semi-Dirac transition point.
C. Dirac semimetal phase
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FIG. 9. Calculated dc conductivities (a)-(c) σxx and (d)-
(f) σyy in the low-density limit as a function of the temper-
ature in the Dirac semimetal phase with ∆ = −1 for (a),
(d) short-range impurities, (b), (d) charged impurities with
α0 = 1000, and (c), (f) charged impurities with α0 = 1. Here,
εF = 0.01ε0 is used for the calculation. The blue dashed-
dotted lines and red dashed lines represent fitting by the cor-
responding asymptotic form [Eqs. (23) and (24)] in the low-
and high-temperature limits, respectively.
Figure 9 shows the calculated temperature-dependent
conductivity in the Dirac semimetal phase, with the fixed
Fermi energy of εF = 0.01ε0, which corresponds to the
low-density limit. At low densities, the Dirac semimetal
phase can be effectively considered as graphene (with
anisotropic velocities); thus, we can understand its
temperature-dependent conductivity behavior using the
result of graphene. (See Appendix F for the temperature
dependence of the chemical potential, Thomas–Fermi
screening wave vector, and conductivity of graphene.)
For graphene with short-range impurities, the asymptotic
form of the temperature-dependent conductivity becomes
σgp(T )
σgp(0)
=
1− e
−TF/T (T  TF),
1
2 +
1
16 log 2
(
T
TF
)−2
(T  TF),
(23)
whereas for charged impurities in the strong screening
limit, the asymptotic form of the temperature-dependent
8conductivity becomes
σgp(T )
σgp(0)
=
1−
pi2
3
(
T
TF
)2
(T  TF),
pi2
6
(
T
TF
)2
(T  TF).
(24)
Similar to the result of the semi-Dirac transition point,
the high-temperature asymptotic form for charged im-
purities correctly captures the temperature power-law
dependence (but not the exact coefficient value, as dis-
cussed in Sec. IV A).
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FIG. 10. Calculated dc conductivities (a)–(c) σxx and (d)–
(f) σyy immediately below the van Hove singularity point as a
function of the temperature in the Dirac semimetal phase with
∆ = 1 for (a), (d) short-range impurities, (b), (d) charged
impurities with α0 = 1000, and (c), (f) charged impurities
with α0 = 1. Here, εF = 0.9ε0 is used for the calculation.
Figure 10 shows the temperature dependence of the dc
conductivity in the Dirac semimetal phase immediately
below the van Hove singularity point, exhibiting a non-
monotonic behavior with temperature. As explained ear-
lier, the temperature dependence of the dc conductivity is
determined by the energy averaging with S(0)(ε) broad-
ened by temperature, and by the temperature-dependent
screening for charged impurities. Thus, if the Fermi en-
ergy is near the van Hove singularity, the distance be-
tween the Fermi energy and the van Hove singularity
sets an important energy scale for the temperature de-
pendence, kBT1 ≡ ||εF| − |εg||. For charged impurities,
the conductivity first increases, showing a peak at T1,
and thereafter decreases, showing a dip at T ch2 ∼ 0.5TF
corresponding to the minimum of qTF(T ), mainly follow-
ing the temperature dependence of the screening wave
vector qTF(T ) [Fig. 13(e) in the Appendix]. For short-
range impurities, the conductivity first decreases, show-
ing a dip at T1, and thereafter increases, showing a peak
at T sh2 ∼ 0.25TF. These dips and peaks are from the
temperature-dependent evolution of the chemical poten-
tial µ(T ) [Fig. 13(b) in the Appendix], shifting the central
point of the energy averaging.
In the high-density limit, the temperature dependence
of dc conductivity in the Dirac semimetal phase resembles
that of the semi-Dirac transition point.
V. DISCUSSION AND CONCLUSION
When we consider both short-range and charged impu-
rities, assuming that each scattering mechanism is inde-
pendent, the total scattering rate is obtained by adding
their scattering rates in accordance with Matthiessen’s
rule. Note that the scattering mechanism with a higher
scattering rate (or equivalently a lower conductivity)
dominates the resulting conductivity. From the obtained
Fermi-energy power-law dependence of dc conductivity,
we can determine the dominant scattering mechanism.
At the semi-Dirac transition point, we can observe from
Eq. (11) and Figs. 6(a) and (d) that, for both σxx and
σyy, the Fermi-energy power law for short-range impuri-
ties is always smaller than that of charged impurities.
This indicates that, at low densities, charged impuri-
ties are dominant over short-range impurities, whereas
at high densities, short-range impurities are dominant
over charged impurities. In the insulator phase, at low
densities, the system can be approximated as a 2DEG
and the Fermi-energy power laws for short-range and
charged impurities are almost comparable (except in the
no-screening limit) as shown in Eq. (13) and Figs. 6(b)
and (e). At high densities, the power-law dependence
follows that of the semi-Dirac transition point; thus,
short-range impurities dominate over charged impuri-
ties. In the Dirac semimetal phase, at low densities, the
Fermi-energy power law for short-range impurities is al-
ways smaller than that of charged impurities as shown in
Eq. (15) and Figs. 6(c) and (f); thus, charged impurities
are dominant over short-range impurities as in the case
of graphene. At high densities, short-range impurities
become dominant over charged impurities, following the
trend of the semi-Dirac transition point. Note that, near
the van Hove singularities, charged impurities are highly
screened due to the enhanced DOS, and thus, short-range
impurities are dominant over charged impurities [39].
Our analysis is based on the semiclassical Boltzmann
transport theory, which is known to be valid in the high-
density limit. At low densities, the effect of potential
fluctuations induced by spatially inhomogeneous impu-
rities becomes important, which is not captured by our
approach assuming a spatially homogeneous system. At
the semi-Dirac transition point or in the Dirac semimetal
phase, the potential fluctuation is expected to result in
a minimum conductivity [45–47]. In the insulator phase,
if the band gap is sufficiently large, the effect of the po-
tential fluctuation might be limited. The interplay of the
impurity potential fluctuation, temperature, and band
gap would be an interesting future research direction.
Finally, we wish to mention the additional parabolic
9term γ
~2k2y
2m∗ σx omitted in Eq. (1) along the armchair (y)
direction beyond the lowest order [48]. This term could
affect the dc conductivity, especially at high densities
above the crossover Fermi energy εcrF =
2m∗v2
γ , where
the effective Hamiltonian in Eq. (1) is no longer valid.
For example, at the semi-Dirac transition point with
εF  εcrF , the parabolic term becomes dominant over
the linear term along the armchair direction; thus, σxx
and σyy will follow those of (anisotropic) 2DEG.
In summary, we calculate the dc conductivity of few-
layer BP as a function of the density and temperature us-
ing the anisotropic multiband Boltzmann transport the-
ory, which is essential when the effect of anisotropic en-
ergy dispersion or interband scattering becomes impor-
tant. We find that the dc conductivities in the Boltzmann
limit show characteristic density and temperature depen-
dence in each phase, which could be used as a signature
of the tunable electronic structure of BP in transport
measurements.
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Appendix A: Eigenstates and density of states
In this section, we provide a detailed explanation on
the model Hamiltonian of few-layer black phosphorus
(BP), and its various properties including density of
states (DOS). In the model Hamiltonian given by Eq. (1)
in the main text, the exact values of m∗ and v0 depend
on the number of layers and the gap tuning parameter.
We introduce the normalization constants k0 ≡ a−1 and
ε0 ≡ ~
2k20
2m∗ ; thus, the Hamiltonian becomes
H = ε0
(
0 k˜2x − ick˜y + ∆
k˜2x + ick˜y + ∆ 0
)
, (A1)
where k˜ = k/k0, c = ~v0k0/ε0, and ∆ ≡ εg2ε0 . To avoid
difficulties associated with anisotropic dispersion, we con-
sider the following coordinate transformation with
kx → αk0 (r cosφ−∆)
1
2 ,
ky → k0
c
r sinφ,
(A2)
where α = ±1 represents each half of the Fermi sur-
faces. This Fermi surface splitting is especially useful for
the ∆ < 0 case where there are two distinct Fermi sur-
faces (see Fig. 1(f) in the main text), accounting for the
“interband” scattering between these two surfaces. The
maximum value of φ is thus given by
φmax(r) =

arccos
(
∆
r
)
(∆ 6= 0 and |∆| < r),
pi (∆ < 0 and |∆| ≥ r),
pi
2 (otherwise),
(A3)
where φ ∈ [−φmax(r), φmax(r)]. This coordinate transfor-
mation changes the Hamiltonian into the following form:
H = ε0r
(
0 e−iφ
eiφ 0
)
. (A4)
In the transformed coordinates, the energy dispersion is
given by ε±(r) = ±ε0r and the corresponding eigenstates
are given by
|+〉 = 1√
2
(
1
eiφ
)
, (A5a)
|−〉 = 1√
2
( −1
eiφ
)
. (A5b)
The Jacobian J corresponding to this transformation
is given by
J =
∣∣∣∣∣ ∂kx∂r ∂kx∂φ∂ky
∂r
∂ky
∂φ
∣∣∣∣∣ = k20r2c√r cosφ−∆ ≡ J (r, φ). (A6)
Note that, for the + band, the band velocity v
(i)
k =
1
~
∂ε+,k
∂ki
can be expressed as
v
(x)
k = 2αv0 cosφ
√
r cosφ−∆, (A7a)
v
(y)
k = v0c sinφ, (A7b)
where v0 =
ε0
~k0 .
The DOS at the semi-Dirac transition point (∆ = 0)
at the energy ε > 0 can be obtained analytically as
D(ε) = g
∫
d2k
(2pi)2
δ(ε− ε+,k)
= 2g
∫ ∞
0
dr
∫ pi
2
−pi2
dφ
J (r, φ)
(2pi)2
δ(ε− ε0r)
=
2gk20
√
2K(1/2)
pi2cε0
(
ε
ε0
) 1
2
, (A8)
where g is the spin degeneracy, and the factor 2
originates from the duplicate parts of the Fermi sur-
faces parameterized by α = ±1. Here, K(k) =∑∞
n=0 [(2n− 1)!!/(2n)!!]2 k2n is the complete elliptic in-
tegral of the first kind with K(1/2) ≈ 1.854 [44]. Note
that the Thomas–Fermi wave vector is determined by the
DOS at the Fermi energy εF given by
qTF =
2pie2
κ
D(εF) =
4gα0k0
√
2K(1/2)
pic
(
εF
ε0
) 1
2
, (A9)
where α0 =
e2
κ~v0 is the effective fine structure constant.
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The carrier density is thus given by
n =
∫ εF
0
dεD(ε) = n0
4g
√
2K(1/2)
3pi2c
(
εF
ε0
) 3
2
, (A10)
where n0 = k
2
0. Note that εF ∼ n
2
3 and D(εF) ∼ n 13 .
Figure 2 in the main text shows the calculated DOS
and the carrier density for each phase.
Appendix B: Density dependence of dc conductivity
in black phosphorus
In this section, we derive the dc conductivity at zero
temperature for 2D multiband systems with anisotropic
energy dispersion. To consider the anisotropy of the en-
ergy dispersion, we express the multiband anisotropic
Boltzmann equation in Eq. (7) using the transformed co-
ordinates in Eq. (A6) as follows:
1 =
∑
α′
∫ ∞
0
dr′
∫ φmax(r′)
−φmax(r′)
dφ′
J (r′, φ′)
(2pi)2
Wαα
′
kk′
(
τ
(i)
kα −
v
(i)
k′α′
v
(i)
kα
τ
(i)
k′α′
)
=
∑
α′
∫ ∞
0
dr′
∫ ′
r
dφ′
(2pi)2
k20r
′
2c
√
r′ cosφ′ −∆
[
2pi
~
nimp|V αα′kk′ |2Fαα
′
kk′ δ(ε0r − ε0r′)
](
τ
(i)
kα − dαα
′(i)
kk′ τ
(i)
k′α′
)
=
2pi
~
nimp
k20
2picε0
∑
α′
∫ ′
r
dφ′
2pi
r
2
√
r cosφ′ −∆ |V
αα′
kk′ |2Fαα
′
kk′
(
τ
(i)
kα − dαα
′(i)
kk′ τ
(i)
k′α′
)
, (B1)
where α = ±1 represents each half of the Fermi surfaces,
d
αα′(i)
kk′ = v
(i)
k′α′/v
(i)
kα, and F
αα′
kk′ =
1
2 [1 + cos(φ− φ′)] is
the square of the wave function overlap between k and
k′ states in the same conduction (or valence) band. Let
us define ρ0 =
k20
2picε0
, V0 =
ε0
k20
, and 1τ0(r) =
2pi
~ nimpV
2
0 ρ0,
then we have
1 =
∑
α′
∫ ′
r
dφ′
2pi
r
2
√
r cosφ′ −∆
×|V˜ αα′kk′ |2Fαα
′
kk′
(
τ˜
(i)
kα − dαα
′(i)
kk′ τ˜
(i)
k′α′
)
, (B2)
where V˜
αα′(i)
kk′ = V
αα′(i)
kk′ /V0 and τ˜
(i)
kα = τ
(i)
kα/τ0. Here,∫ ′
r
dφ′ represents an integration over −φmax(r) < φ′ <
φmax(r). Thus, Eq. (B2) becomes
1 =
∑
α′
[
w˜
(i)
αα′(φ)τ˜
(i)
α (φ)−
∫ ′
r
dφ′
2pi
w˜
(i)
αα′(φ, φ
′)τ˜ (i)α′ (φ
′)
]
,
(B3)
where
w˜
(i)
αα′(φ)=
∫ ′
r
dφ′
2pi
r
2
√
r cosφ′ −∆ |V
αα′
kk′ |2Fαα
′
kk′ ,
(B4a)
w˜
(i)
αα′(φ, φ
′)=
r
2
√
r cosφ′ −∆ |V
αα′
kk′ |2Fαα
′
kk′ d
αα′(i)
kk′ .
(B4b)
Since Eq. (B3) holds for both α = ±1, we can rewrite it
as
1 = w˜
(i)
11 (φ)τ˜
(i)
1 (φ)−
∫ ′
r
dφ′
2pi
w˜
(i)
11 (φ, φ
′)τ˜ (i)1 (φ
′) (B5a)
+ w˜
(i)
1−1(φ)τ˜
(i)
1 (φ)−
∫ ′
r
dφ′
2pi
w˜
(i)
1−1(φ, φ
′)τ˜ (i)−1(φ
′),
1 = w˜
(i)
−11(φ)τ˜
(i)
−1(φ)−
∫ ′
r
dφ′
2pi
w˜
(i)
11 (φ, φ
′)τ˜ (i)1 (φ
′) (B5b)
+ w˜
(i)
−1−1(φ)τ˜
(i)
−1(φ)−
∫ ′
r
dφ′
2pi
w˜
(i)
−1−1(φ, φ
′)τ˜ (i)−1(φ
′).
Now, let us discretize φ to φn (n = 1, 2, · · · , N) with
an interval ∆φ = 2φmax(r)/N . Thus, for τ˜
(i)
nα = τ˜
(i)
α (φn),
we have
1 = P (i) n11τ˜
(i)
n1 −
∑
n′
P (i)nn
′
11 τ˜
(i)
n′1
+ P (i) n1−1τ˜
(i)
n1 −
∑
n′
P (i)nn
′
1−1τ˜
(i)
n′−1, (B6a)
1 = P (i) n−11τ˜
(i)
n−1 −
∑
n′
P (i)nn
′
−11τ˜
(i)
n′1
+ P (i) n−1−1τ˜
(i)
n−1 −
∑
n′
P (i) nn
′
−1−1τ˜
(i)
n′−1, (B6b)
where P (i) nαα′ = w˜
(i)
αα′(φn) is an N -vector and P
(i)nn′
αα′ =
w˜
(i)
αα′(φn, φn′)∆φ is an N × N matrix, which correlates
the different φ-dependent relaxation times for a given
11
(α, α′) combination. Note that Eq. (B6) shares the basic
structure with the multiband scattering formula [38, 39]
(which accounts for the scattering between each half of
the Fermi surface) and the anisotropic scattering formula
[42] (which accounts for the scattering between different
φ and φ′ points). Furthermore, Eq. (B6) is a 2N × 2N
matrix equation with two independent basis indices (α,
φn), i.e., index α for each half of the Fermi surfaces and
the φ-discretization index n.
Thus, the dc conductivity at zero temperature is given
by
σij = ge
2
∑
α
∫
d2k
(2pi)2
δ(εk − εF)v(i)kαv(j)kατ (j)kα
= ge2
∑
α
∫ ∞
0
dr
∫ ′
r
dφ
k20rδ(ε0r − εF)v(i)kαv(j)kατ (j)kα
2(2pi)2c
√
r cosφ−∆
= σ0
∑
α
∫ ∞
0
dr
∫ ′
r
dφ
2pi
rδ(r − rF)v˜(i)kαv˜(j)kα τ˜ (j)kα
2
√
r cosφ−∆ , (B7)
where σ0 = ge
2ρ0v
2
0τ0, rF = εF/ε0 and v˜
(i)
kα = v
(i)
kα/v0.
Thus, from Eq. (A7), we have
σxx
σ0
= 2
∑
α
∫ ′
rF
dφ
2pi
rF cos
2 φ
√
rF cosφ−∆τ˜ (x)α (φ),
(B8a)
σyy
σ0
= c2
∑
α
∫ ′
rF
dφ
2pi
rF sin
2 φ
2
√
rF cosφ−∆
τ˜ (y)α (φ). (B8b)
Note that τ0, v0, ρ0, and σ0 are the density-independent
normalization constants in units of time, velocity, DOS,
and conductivity, respectively.
Appendix C: Low-density approximate models for
the insulator phase and Dirac semimetal phase
In this section, we derive the dc conductivity of low-
density approximate models for the insulator phase and
Dirac semimetal phase. Note that the only anisotropy
considered in these models is the anisotropy in the ef-
fective mass or velocity with the same power-law depen-
dence in momentum.
1. Insulator phase at low densities
For the insulator phase, as well as the Dirac semimetal
phase discussed later, the DOS and carrier density do
not follow the simple power-law behavior. Therefore,
we utilize approximate models to understand the asymp-
totic behavior of dc conductivity at low densities. When
|εF| > |εg| but the carrier density is sufficiently small,
the system can be approximated as a two-dimensional
electron gas (2DEG). From the series expansion at the
minimum point of the conduction band, we have
ε(k) = ε0
(
kx
k0
)2
+
ε0c
2
2∆
(
ky
k0
)2
≡ ~
2k2x
2mx
+
~2k2y
2my
, (C1)
where mx =
~2k20
2ε0
and my =
∆~2k20
c2ε0
.
For comparison, we first consider a 2DEG with an
isotropic energy dispersion given by
ε(k) =
~2k2
2m
. (C2)
As the system is isotropic, we can readily calculate the
conductivity of each case using the Einstein relation
σiso = e
2D(εF)D, (C3)
where D = v2FτF2 is the diffusion constant and D(ε) =
gm
2pi~2 is the DOS for the isotropic 2DEG. The relaxation
time at the Fermi energy τF is given by
1
τF
=
2pinimp
~
∫
d2k′
(2pi)2
|Vkk′ |2δ(ε− εF)(1− cosφ′)
=
2pinimp
~
m
2pi~2
∫ 2pi
0
dφ′
(2pi)
|Vφ′ |2(1− cosφ′)
≡ 2pinimp
~
m
2pi~2
V¯ 2i2DEG, (C4)
where Vφ′ is the angle-dependent potential on the Fermi
surface and V¯ 2i2DEG ≡
∫ 2pi
0
dφ′
2pi |Vφ′ |2(1 − cosφ′) is the
angle-averaged square of the impurity potential.
Therefore, the dc conductivity of the isotropic 2DEG
is given by
σiso = e
2
( gm
2pi~2
)(v2F
2
)(
~
2pinimp
2pi~2
mV¯ 2i2DEG
)
=
ge2~
2pinimpV¯ 2i2DEG
(
~2k2F
2m2
)
=
ge2~εF
2pinimpmV¯ 2i2DEG
, (C5)
where vF =
~kF
m and εF =
~2k2F
2m2 .
Subsequently, let us consider the Fermi energy depen-
dence of the dc conductivity using the Einstein relation
in Eq. (C3). For short-range impurities, V¯ 2i2DEG is a con-
stant independent of εF; thus, we have
σ ∼ εF. (C6)
Here, we used v2F ∼ k2F ∼ εF. For charged impurities in
the strong screening limit, V¯ 2i2DEG ∼ q−2TF ∼ D−2(εF) is
also a constant; thus,
σ ∼ εF. (C7)
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For the anisotropic 2DEG with different effective
masses in each direction, we introduce the following co-
ordinate transformation [(kx, ky)→ (k, φ)]:
kx →
√
mx
m
k cosφ,
ky →
√
mx
m
k sinφ,
(C8)
which gives the Jacobian dkxdky =
√
mxmy
m kdkdφ. The
band velocity v
(i)
k =
1
~
∂εk
∂ki
can be expressed as
v
(x)
k =
~k√
mmx
cosφ,
v
(y)
k =
~k√
mmy
sinφ.
(C9)
Subsequently, the energy dispersion becomes isotropic
in the transformed coordinates; thus, the DOS is given
by
D(ε) =
g
√
mxmy
2pi~2
. (C10)
The relaxation time of the anisotropic 2DEG for k at
the Fermi energy can be obtained by solving the cou-
pled integral equation [Eq. (7) in the main text]. For
short-range impurities or charged impurities in the strong
screening limit, the scattering potential Vkk′ = V0 is
independent of the angle, thus it can be shown that
τ
(i)
k = τ
(i)
εk ≡ τ (i). Then the coupled equation can be
simplified as
1
τ (i)
=
2pinimp
~
∫
d2k′
(2pi)2
|Vkk′ |2δ(εk − εk′)
(
1− v
(i)
k′
v
(i)
k
)
=
2pinimp
~
√
mxmy
2pi~2
V¯ 2a2DEG, (C11)
where V¯ 2a2DEG ≡
∫ 2pi
0
dφ′
(2pi) |V0|2
(
1− v
(i)
k′
v
(i)
k
)
= |V0|2 is the
angle-averaged square of the impurity potential for the
anisotropic 2DEG. Note that τ (i) is independent of the
direction i.
Therefore, the conductivity of the anisotropic 2DEG is
given by
σij = ge
2
∫
d2k
(2pi)2
δ(εF − ε(k))v(i)v(j)τ (j)
=
ge2
√
mxmy
2pi~2
τF
∫ 2pi
0
dφ
2pi
v
(i)
F v
(j)
F , (C12)
where τF is the relaxation time at the Fermi energy.
When the electric field and the current density are along
the x-direction, the conductivity σxx becomes
σxx=
ge2
√
mxmy
2pi~2
τF
∫ 2pi
0
dφ
2pi
[
v
(x)
F
]2
=
ge2
√
mxmy
2pi~2
~
2pinimp
2pi~2√
mxmyV¯ 2a2DEG
× ~
2
mmx
∫ 2pi
0
dφ
2pi
k2F cos
2 φ
=
ge2~εF
2pinimpV¯ 2a2DEGm
m
mx
. (C13)
Similarly, when the electric field and the current density
are along the y-direction, the conductivity σyy becomes
σyy =
ge2
√
mxmy
2pi~2
τF
∫ 2pi
0
dφ
2pi
[
v
(y)
F
]2
=
ge2~εF
2pinimpV¯ 2a2DEGm
m
my
. (C14)
Therefore, the dc conductivities for the anisotropic case
are modified as
σxx = σiso
m
mx
, (C15a)
σyy = σiso
m
my
. (C15b)
Thus, for short-range impurities or charged-impurities in
the strong screening limit, the Fermi energy dependence
of the dc conductivities for the anisotropic 2DEG follows
that of the isotropic 2DEG given by Eqs. (C6) and (C7).
Note that, as the Fermi energy or the carrier density
increases, the insulator phase can no longer be approxi-
mated by a 2DEG model, and the energy dispersion fol-
lows that of the semi-Dirac transition point. Therefore,
the power-law dependence eventually follows that of the
semi-Dirac transition point.
2. Dirac semimetal phase at low densities
For the Dirac semimetal phase (∆ < 0), the series
expansion at one of the band touching points gives
H(k) =
ε0
k0
(
2
√−∆kxσx + ckyσy
)
(C16)
≡ ~ (vxkxσx + vykyσy) ,
where vx =
2
√−∆ε0
~k0 and vy =
cε0
~k0 .
For comparison, we first consider an isotropic 2D Dirac
semimetal with the Hamiltonian given by
H(k) = ~v (kxσx + kyσy) . (C17)
The DOS is thus given by
D(ε) =
gk
2pi~v
=
gε
2pi~2v2
. (C18)
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The relaxation time at the Fermi energy τF is given by
1
τF
=
2pinimp
~
∫
d2k′
(2pi)2
|Vkk′ |2Fkk′δ(ε− εF)(1− cosφ′)
=
2pinimp
~
kF
2pi~v
∫ 2pi
0
dφ′
2pi
|Vφ′ |2F (φ′)(1− cosφ′)
=
2pinimp
~
kF
2pi~v
V¯ 2igp, (C19)
where F (φ′) = 12 (1 + cosφ
′) is the square of the wave
function overlap and V¯ 2igp ≡
∫ 2pi
0
dφ′
2pi |Vφ′ |2F (φ′)(1−cosφ′)
is the angle-averaged square of the impurity potential.
Therefore, the dc conductivity of the isotropic Dirac
semimetal is given by
σiso = e
2
(
gkF
2pi~v
)
v2
2
(
~
2pinimp
2pi~v
kFV¯ 2igp
)
=
ge2~v2
4pinimpV¯ 2igp
. (C20)
Subsequently, let us consider the Fermi energy depen-
dence of the dc conductivity using the Einstein relation
in Eq. (C3). For short-range impurities, V¯ 2igp is a constant
independent of εF; thus, we have
σ ∼ ε0F, (C21)
whereas for charged impurities in the strong screening
limit, V¯ 2igp ∼ q−2TF ∼ D−2(εF) ∼ ε−2F ; thus,
σ ∼ ε2F. (C22)
Note that, even in the weak screening limit, V¯ 2igp ∼ k−2F ∼
ε−2F , and in general, σ ∼ ε2F for charged impurities.
For the anisotropic Dirac semimetals with different ve-
locities in each direction, we introduce the following co-
ordinate transformation [(kx, ky)→ (k, φ)]:
kx → v
vx
k cosφ,
ky → v
vy
k sinφ,
(C23)
which gives the Jacobian dkxdky =
v2
vxvy
kdkdφ. The
band velocity v
(i)
k =
1
~
∂εk
∂ki
can be expressed as
v
(x)
k = vx cosφ,
v
(y)
k = vy sinφ.
(C24)
Subsequently, the energy dispersion becomes isotropic
in the transformed coordinates; thus, the DOS is given
by
D(ε) =
gvk
2pi~vxvy
=
gε
2pi~2vxvy
. (C25)
Similarly, using the same assumptions which were used
in Eq. (C11), for short-range impurities or charged im-
purities in the strong screening limit, we can calculate
the relaxation time of the anisotropic Dirac semimetals
given by
1
τ (i)
=
2pinimp
~
∫
d2k′
(2pi)2
|Vkk′ |2Fkk′δ(εk − εk′)
(
1− v
(i)
k′
v
(i)
k
)
=
2pinimp
~
gvk
2pi~vxvy
V¯ 2agp, (C26)
where V¯ 2agp ≡
∫ 2pi
0
dφ′
(2pi) |V0|2F (φ′)
(
1− v
(i)
k′
v
(i)
k
)
= |V0|
2
4
is the angle-averaged square of the impurity potential
for the anisotropic graphene. Note that τ (i) for the
anisotropic Dirac semimetal is also independent of the
direction i.
Therefore, the conductivity of the anisotropic Dirac
semimetal is given by
σij = ge
2
∫
d2k
(2pi)2
δ(εF − ε(k))v(i)v(j)τ (j) (C27)
=
ge2vk
2pi~vxvy
τF
∫ 2pi
0
dφ
2pi
v
(i)
F v
(j)
F .
When the electric field and the current density are along
the x-direction, the conductivity σxx becomes
σxx =
ge2vk
2pi~vxvy
τF
∫ 2pi
0
dφ
2pi
[
v
(x)
F
]2
=
ge2vk
2pi~vxvy
~
2pinimp
2pi~vxvy
vkV¯ 2agp
v2x
∫ 2pi
0
dφ
2pi
cos2 φ
=
ge2~v2
4pinimpV¯ 2agp
v2x
v2
. (C28)
Similarly, when the electric field and the current density
are along the y-direction, the conductivity σyy becomes
σyy =
ge2vk
2pi~vxvy
τF
∫ 2pi
0
dφ
2pi
[
v
(y)
F
]2
=
ge2~v2
4pinimpV¯ 2agp
v2y
v2
. (C29)
Therefore, the dc conductivities for the anisotropic case
are modified as
σxx = σiso
v2x
v2
, (C30a)
σyy = σiso
v2y
v2
. (C30b)
Thus, for short-range impurities or charged-impurities in
the strong screening limit, the Fermi energy dependence
of the dc conductivities for the anisotropic graphene fol-
lows that of the isotropic graphene given by Eqs. (C21)
and (C22).
Near the van Hove singularities, where the energy dis-
persion can be expanded as ε(k)/ε0 ≈ |∆|−k˜2x+ c
2k˜2y
2|∆| , the
14
DOS diverges logarithmically [37], dominating the over-
all power-law behavior of the conductivity. Therefore,
for short-range impurities, the conductivity becomes
σxx ∼ [− log(|∆| − εF)]−1, (C31a)
σyy ∼ [− log(|∆| − εF)]−1. (C31b)
For the charged impurities near the van Hove singulari-
ties, the conductivity becomes
σxx ∼ [log(|∆| − εF)]2, (C32a)
σyy ∼ [log(|∆| − εF)]2. (C32b)
Note that, as the Fermi energy or the carrier density
increases, the power-law dependence of the dc conductiv-
ity follows that of the semi-Dirac transition point, as in
the gapped insulator case.
Appendix D: Temperature dependence of chemical
potential and Thomas–Fermi wave vector in black
phosphorus
In this section, we derive the temperature-dependent
chemical potential and Thomas–Fermi wave vector of
few-layer BP. When the temperature is finite, the chemi-
cal potential µ deviates from the Fermi energy εF due
to the broadening of the Fermi distribution function
f (0)(ε, µ) =
[
eβ(ε−µ) + 1
]−1
where β = 1kBT . As the
charge carrier density n does not vary under the temper-
ature change, we have
n =
∫ ∞
−∞
dεD(ε)f (0)(ε, µ)
=
∫ ∞
0
dεD(ε)
[
f (0)(ε, µ) + f (0)(−ε, µ)
]
≡
∫ εF
−∞
dεD(ε). (D1)
Thus, the carrier density measured from the charge neu-
tral point, ∆n ≡ n|µ − n|µ=0, is given by
∆n =
∫ ∞
0
dεD(ε)
[
f (0)(ε, µ)− f (0)(ε,−µ)
]
≡
∫ εF
0
dεD(ε), (D2)
where the first and second lines represent the carrier den-
sity evaluated at the finite and zero temperatures, respec-
tively. Here, we used f(−ε, µ) = 1−f(ε,−µ). By solving
this equality in terms of µ, we can calculate the chemical
potential of the system for a given temperature T . See
the Supplemental Material in [42] for the simplified cases.
Subsequently, consider the temperature-dependent
Thomas–Fermi wave vector qTF(T ). Note that, in 3D,
qTF(0) =
2pie2
κ D(εF) and at finite T , qTF(T ) =
2pie2
κ
∂n
∂µ .
Thus, we have
qTF(T )
qTF(0)
=
β
2D(εF)
∫ ∞
0
dεD(ε) (D3)
×
[
1
1 + coshβ(ε− µ) +
1
1 + coshβ(ε+ µ)
]
.
For a given T , the chemical potential is calculated us-
ing the density invariance in Eq. (D2), and subsequently,
qTF(T ) is obtained from the above relation.
When the DOS is given by a simple power law with
respect to energy, we can analytically obtain the temper-
ature dependence of the chemical potential and Thomas–
Fermi wave vector, and their asymptotic behaviors at low
and high temperatures.
Consider a gapless electron–hole system with a DOS
given by D(ε) = Cα|ε|α−1Θ(ε), where Cα is a constant
and Θ(ε) is a step function. Using the results from the
Supplemental Materials in Ref. [42], we can obtain
µ
εF
=
1− pi
2
12
(
T
TF
)2
(T  TF),
1
2η(α−1)Γ(α+1)
(
TF
T
)α−1
(T  TF),
(D4)
where TF = εF/kB is the Fermi temperature, η is the
Dirichlet eta function, and Γ is the gamma function [44].
For the temperature-dependent Thomas–Fermi wave vec-
tor qTF(T ), we obtain
qTF(T )
qTF(0)
=
1−
pi2
6 (α− 1)
(
T
TF
)2
(T  TF),
2η(α− 1)Γ(α)
(
T
TF
)α−1
(T  TF),
(D5)
For few-layer BP at the semi-Dirac transition point,
the DOS is given by D(ε) ∝ ε 12 ; thus, α = 32 . Thus, we
have
µ
εF
=

1− pi212
(
T
TF
)2
(T  TF),
1
2η( 12 )Γ(
5
2 )
(
T
TF
) 1
2
(T  TF),
(D6)
and
qTF(T )
qTF(0)
=

1− pi212
(
T
TF
)2
(T  TF),
2η
(
1
2
)
Γ
(
3
2
) (
T
TF
) 1
2
(T  TF),
(D7)
where qTF(0) = qTF is given by Eq. (A9).
Figure 11, Figure 12, and Figure 13 show the calcu-
lated temperature dependence of the chemical potential
µ(T ) and Thomas–Fermi wave vector qTF(T ) in various
phases of BP using Eqs. (D2) and (D3), respectively.
Appendix E: Temperature dependence of dc
conductivity at the semi-Dirac transition point
Using Eq. (10) in the main text, we can general-
ize the conductivity tensor at zero temperature to that
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FIG. 12. Calculated temperature dependence of (a)-(c)
chemical potential and (d)-(f) Thomas–Fermi wave vector for
the gapped insulator phase with ∆ = 1 at (a), (d) εF = 1.01ε0,
(b), (e) εF = 1.1ε0, and (c), (f) εF = 1.5ε0.
at finite temperature. For f (0)(ε) =
[
z−1eβε + 1
]−1
,
where z = eµ is the fugacity, S(0)(ε) = −∂f(0)(ε)∂ε =
βf (0)(ε)
[
1− f (0)(ε)] = βz−1eβε
(z−1eβε+1)2 . Thus, the conduc-
tivity at finite temperature is given by
σij(T ) = ge
2
∑
α
∫
d2k
(2pi)2
(
−∂f
(0)(εk)
∂ε
)
v
(i)
kαv
(j)
kατ
(j)
kα
= ge2
∑
α
∫ ∞
0
dr
∫ ′
r
dφ
k20r
2c
√
r cosφ−∆
βz−1eβε0r
(z−1eβε0r + 1)2
v
(i)
kαv
(j)
kατ
(j)
kα
= σ0
∑
α
∫ ∞
0
dr
∫ ′
r
dφ
2pi
r
2
√
r cosφ−∆
βε0z
−1eβε0r
(z−1eβε0r + 1)2
v˜
(i)
kαv˜
(j)
kα τ˜
(j)
kα . (E1)
Thus, from Eq. (A7), we have
σxx(T ) = 2σ0
∑
α
∫ ∞
0
dr
βε0z
−1eβε0r
(z−1eβε0r + 1)2
∫ ′
r
dφ
2pi
r cos2 φ
√
r cosφ−∆τ˜α(x)(φ), (E2a)
σyy(T ) = c
2σ0
∑
α
∫ ∞
0
dr
βε0z
−1eβε0r
(z−1eβε0r + 1)2
∫ ′
r
dφ
2pi
r sin2 φ
2
√
r cosφ−∆ τ˜
(y)
α (φ). (E2b)
To derive the asymptotic behaviors of σii(T ) at low and
high temperatures, assume that the relaxation time can
be decomposed into energy- and temperature-dependent
parts as τ (i)(ε, T ) = τ (i)(ε)g(i)
(
T
TF
)
where g(i)
(
T
TF
)
is the energy-independent correction term from the
temperature-dependent screening effect with g(i)(0) = 1.
For short-range impurities, g(i)
(
T
TF
)
= 1. For charged
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FIG. 13. Calculated temperature dependence of (a)-(c)
chemical potential and (d)-(f) Thomas–Fermi wave vector
for the Dirac semimetal phase with ∆ = −1 at (a), (d)
εF = 0.01ε0, (b), (e) εF = 0.9ε0, and (c), (f) εF = 1.1ε0.
Coulomb impurities, we expect g
(
T
TF
)
≈ 1−A(i)
(
T
TF
)2
at low temperatures, whereas at high temperatures, the
energy averaging typically dominates over the screen-
ing contribution and we can assume g
(
T
TF
)
≈ 1. Sup-
pose the following power-law dependence: D(ε) ∼ εα−1,
v(i)(ε) ∼ εν , and τ (i)(ε) ∼ εγ . Subsequently, by
rewriting Eq. (E1) as an energy-integral form, we obtain
the asymptotic power-law behavior of the temperature-
dependent conductivity at low and high temperatures as
σii(T )
σii(0)
=

1 +
[
pi2
6 (δ − α)δ −A(i)
] (
T
TF
)2
(T  TF),
Γ(δ + 1)η(δ)
(
T
TF
)δ
(T  TF),
(E3)
where δ = α−1+2ν+γ. (See the Supplemental Material
of Ref. [42] for the detailed derivation of the power-law
analysis of the temperature-dependent dc conductivity.)
For the semi-Dirac transition point (∆ = 0), α = 32 .
For short-range impurities, g
(
T
TF
)
= 1 and from the
energy dependence of the relaxation time, γ = − 12 . Thus,
from Eq. (E2), the asymptotic behavior is given by
σxx(T )
σxx(0)
=
1− pi
2
12
(
T
TF
)2
(T  TF),
log 2
(
T
TF
)
(T  TF),
(E4a)
σyy(T )
σyy(0)
=
1− e
−TF/T (T  TF),
1
2 +
1
8η( 12 )Γ(
5
2 )
(
T
TF
)− 32
(T  TF).
(E4b)
Here, the extra terms in σyy(T )/σyy(0) were obtained
through the next-order expansion of the temperature cor-
rections.
For charged impurities in the strong screening limit,
A(i) = pi
2
6 , which is two times the low-temperature co-
efficient pi
2
12 in Eq. (D7), and γ =
1
2 . Thus, we obtain
σxx(T )
σxx(0)
=
1 (T  TF),pi2
6
(
T
TF
)2
(T  TF),
(E5a)
σyy(T )
σyy(0)
=
1− pi
2
4
(
T
TF
)2
(T  TF),
log 2
(
T
TF
)
(T  TF).
(E5b)
As the screening strength decreases, the low-temperature
coefficient in Eq. (E3) increases, because the screening
coefficient A(i) decreases whereas the other part remains
positive.
Appendix F: Temperature dependence of dc
conductivity in the low-density approximate models
for the insulator phase and Dirac semimetal phase
In this section, we present the temperature dependence
of the chemical potential, Thomas–Fermi wave vector,
and conductivity of the low-density approximate models
for the insulator phase and Dirac semimetal phase, which
are the gapped 2DEG and graphene, respectively.
1. Insulator phase
We introduce the gapped 2DEG model system with
the energy dispersion given by ε(k) = ±ε0
[
∆ + (k/k0)
2
]
with ∆ > 0, to account for the thermal excitation behav-
ior involving the band gap between the valence and con-
duction bands, similar to the insulator phase. Note that
the effects of the difference between the effective mass
of each direction are canceled out by zero-temperature
normalization.
Figure 14 shows the calculated dc conductivities as a
function of the temperature for the gapped 2DEG system
in the low-density limit with εF = 1.1ε0 along with the
result of the insulator phase with the same Fermi energy
(see also Fig. 8 in the main text). At low temperatures,
the calculated results of temperature-dependent conduc-
tivity in the insulator phase show a similar behavior as
that of the low-density approximate model. However, as
the temperature increases, the discrepancy between the
two results increases, and in the high-temperature limit,
the conductivity becomes similar to that of the semi-
Dirac transition point.
2. Dirac semimetal Phase
For graphene (which is an approximate model for the
Dirac semimetal phase in the low-density limit) from
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Eqs. (D4) and (D5) with α = 2, the low– and high–
temperature asymptotic behaviors for chemical potential
are given by
µ
εF
=
1−
pi2
6
(
T
TF
)2
(T  TF),
1
4 log 2
(
T
TF
)−1
(T  TF),
(F1)
whereas those for the Thomas–Fermi wave vector are
given by
qTF(T )
qTF(0)
=
1− pi
2
6
(
T
TF
)2
(T  TF),
2 log 2
(
T
TF
)
(T  TF).
(F2)
As shown in Figs. 13(a) and 13(d), the result of
the low-density approximate model and the numeri-
cally calculated result of the Dirac semimetal phase in
the low-density limit are consistent with each other.
For short-range impurities, the asymptotic form of the
temperature-dependent conductivity becomes [Eq. (E4)
with γ = 0]
σgp(T )
σgp(0)
=
1− e
−TF/T (T  TF),
1
2 +
1
16 log 2
(
T
TF
)−2
(T  TF),
(F3)
whereas for charged impurities in the strong screening
limit, [Eq. (E4) with γ = 2]
σgp(T )
σgp(0)
=
1−
pi2
3
(
T
TF
)2
(T  TF),
pi2
6
(
T
TF
)2
(T  TF).
(F4)
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